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D ^ Abstract. In this paper we introduce radical transversal lightlike hy- 

pL^ ■ persurfaces of almost complex manifolds with Norden metric. The study 

of these hypersurfaces is motivated by the fact that for indefinite almost 
Hermitian manifolds this class of lightlike hypersurfaces does not exist. 
We also establish that radical transversal lightlike hypersurfaces of al- 
most complex manifolds with Norden metric have nice properties as a 
, unique screen distribution and a symmetric Ricci tensor of the consid- 

' ered hypersurfaces of Kaehler manifolds with Norden metric. We obtain 

. ' new results about lightlike hypersurfaces concerning to their relations 

. with non-degenerate hypersurfaces of almost complex manifolds with 

' Norden metric. Examples of the considered hypersurfaces are given. 



>■ . 1. Introduction 

ff^ ' There exist two types submanifolds of a semi-Riemannian manifold (M, g) 

, with respect to the induced metric (7 by 5 on the submanifold. If g is 

^ I non-degenerate or degenerate, the submanifold (M, g) is non-degenerate or 

■ lightlike, respectively. In case g is non-degenerate on M, both the tangent 

i bundle TM and the normal bundle TM-^ of M are non-degenerate and 

TMnTM-^ = {0}. However, in case (M, g) is a lightlike submanifold of M, 
a part of TM-^ lies in TM. Therefore the geometries of the non-degenerate 
, , and the lightlike submanifolds are different. The general theory of light- 

r> ■ like submanifolds has been developed in [2j by K. Duggal and A. Bejancu. 

, The geometry of Cauchy-Riemann (CR) lightlike submanifolds of indefinite 

Kaehler manifolds was presented in [2j, too. Some new classes of lightlike 
submanifolds of indefinite Kaehler, Sasakian and quaternion Kaehler man- 
ifolds were introduced in [3] by K. Duggal and B. Sahin. In [2], [3] many 
applications of lightlike geometry in the mathematical physics were given. 

Lightlike hypersurfaces of indefinite Kaehler manifolds were studied in [2] , 
[3]. In this paper we introduce radical transversal lightlike hypersurfaces of 
almost complex manifolds with Norden metric. Such class of lightlike hy- 
persurfaces does not exist when the ambient manifold is an indefinite almost 
Hermitian manifold because its geometry is different from the geometry of 
an almost complex manifold with Norden metric. The difference arises due 
to the fact that the action of the almost complex structure J on the tan- 
gent space at each point of an almost complex manifold with Norden metric 
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M is an anti-isometry with respect to the metric The metric ^ on M 
is cahed Norden metric (or B-metric). Moreover, the tensor field g on M 
defined by g{X, Y) = g{JX, Y) is also Norden metric on M while in the 
almost Hermitian case g is a 2-form. Both metrics g and g on M are of a 
neutral signature. The beginning of the investigations in the geometry of 
the almost complex manifolds with Norden metric was put by A. P. Norden 
and the researches have been continued by G. Ganchev, K. Gribachev, 
D. Mekerov, A. Borisov, V. Mihova ([7j, 0], 0). 

In Section 2 we recall some preliminaries about lightlike hypersurfaces of 
semi-Riemannian manifolds, almost complex manifolds with Norden metric 
and almost contact manifolds with B-metric. In Section 3 we define a rad- 
ical transversal lightlike hypersurface of an almost complex manifold with 
Norden metric and prove that a lightlike hypersurface of such manifold is 
radical transversal if and only if the screen distribution of the lightlike hy- 
persurface is holomorphic. In Section 4 we show that a radical transversal 
lightlike hypersurface of an almost complex manifold with Norden metric 
has a unique screen distribution up to a semi-orthogonal transformation. 
This property is important for the lightlike hypersurface because it guaran- 
tees that the induced geometrical objects on the hypersurface do not depend 
on the choice of the screen distribution. We establish that the Ricci ten- 
sor of radical transversal lightlike hypersurface of a Kaehler manifold with 
Norden metric is symmetric, which is not true in general in the lightlike 
geometry. We close this section by some geometrical characterizations of 
the considered hypersurfaces. Since on an almost complex manifold with 
Norden metric there exist two Norden metrics, in |10j we consider subman- 
ifolds which are non-degenerate with respect to the one Norden metric and 
lightlike with respect to the other one. Section 5 is devoted to the same 
topic. We prove that {M,g) is a special non-degenerate hypersurface of 
an almost complex manifold with Norden metric {M , J,g,g) if and only if 
{M,g) is a radical transversal lightlike hypersurface of M, where g and g 
are the induced metrics by g and g on M, respectively. We find relations 
between the induced geometrical objects on the hypersurfaces {M,g) and 
(M, g) of a Kaehler manifold with Norden metric and characterize both hy- 
persurfaces. In the last section we give two examples of radical transversal 
lightlike hypersurfaces. 

2. Preliminaries 

2.1. Lightlike hypersurfaces of semi-Riemannian manifolds. Let M 

be a hypersurface of an (m -|- 2)-dimensional semi-Riemannian manifold 
{M,g) of index q G {1, . . . , m + 1}. M is a lightlike hupersurface of M [2] if 
at any u£ M RadT^M / {0}, where RadT^M = T^MCiT^M-^. Because of 
for a hypersurface dim (T^^M"*") = 1 it follows that dim(RadTj,M) = 1 and 
RadTa;M = TxM-^. RadTM is called a radical distribution on M. Hence, 
the induced metric 5 by 5 on a lightlike hypersurface M has a constant rank 
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m. Moreover, there exists a non-degenerate complementary vector bundle 
S{TM) of TM-^ in TM, which is called in [2j the screen distribution on M. 
For any S(TM) we have a unique transversal vector bundle tr(rM) which 
is a lightlike complementary vector bundle (but not orthogonal) to TM in 
TM. So, the following decompositions of TM are valid: 

(1) TM = S{TM)± (tM-^ e tr(TM)) = TM tr(rM), 

where by _L (resp. ®) is denoted an orthogonal (resp. a non-orthogonal) 
direct sum. By T(E) is denoted the J^(M)-module of smooth sections of a 
vector bundle E over M, J-{M) being the algebra of smooth functions on 
M. In ([2], Theorem 1.1, p. 79) it was proved if (M, g, S{TM)) is a lightlike 
hypersurface of M, for any non-zero section ^ of TM-^ on a coordinate 
neighbourhood U C M, there exists a unique section of tr(rM) on U 
satisfying: 

(2) g{N,i) = l, g{N,N)=g{N,W) = Q,yW eT{S{TM)). 

The induced geometrical objects on a lightlike hypersurface M of a semi- 
Riemannian manifold M have different properties from the properties of the 
ones on a non-degenerate hypersurface of M. Therefore, follow [3j we 
will recall basic formulas and facts about the induced geometrical objects 
on a lightlike hypersurface. Let V be the Levi-Civita connection on M with 
respect to The global Gauss and Weingarten formulas are 

V_xY = VxY + h{X,Y), 

VxV = -AyX + V^xV, VX,yGr(TM), V eV{iT{TM)), 

where V xY and AyX belong to T{TM) while h{X, Y) and V^F belong to 
r(tr(TM)). The induced connection V on M is a torsion-free linear connec- 
tion and in general V is not metric connection. The linear connection V* is 
called an induced linear connection on r(tr(TM)). The second fundamental 
form h is symmetric J^(M)-bilinear form on T{TM). The shape operator 
Ay is r(iS'(rM))-valued and it is not self-conjugate with respect to 5, i.e. 
g{AvX,Y) 7^ g{X,AyY). The local Gauss and Weingarten formulas are 

..^ Y_xY = VxY + B{X,Y)N, 

^' VxN = -AnX + t{X)N, VX,y G r(TM|[/), 

where the pair of sections on U C M satisfies B is a symmetric 

J-'(C/)-bilinear form which is called the local second fundamental form of M 
and r is a 1-form on U. We also have 

(4) Ax^ = 0, S(X,e) = 0, VXGr(TM|c7). 

Let P denote the projection morphism of T{TM) on T{S{TM)). The fol- 
lowing formulas are the Gauss and Weingarten equations for the screen 
distribution S(TM) 

VxPY = V*xPY + h*{X, PY), 

VxU = -AIjX + V*j^U, \/X,Y £T{TM), U£T{TM^), 
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where V*xPY and A^jX belong to T{S{TM)), V* and V** are linear con- 
nections on r(S(TM)) and r(TM^), respectively; h* is a r(TM^)-vaIued 
J"(M)-bilinear form on T{TM) x T{S{TM)) and is r(5(rM))-valued 
J^(M)-bilinear operator on T(TM). They are called the screen second fun- 
damental form and screen shape operator of S{TM), respectively. Locally 
for any X,Y ^ r(TM|^) we have 

(5) VxPY = V*xPY + C{X, PY)i, V xi = -AlX - r(X)e, 

where C(X, PY) is the local screen fundamental form of S(TM). Both local 
second fundamental forms B and C are related to their shape operators by 

(6) B{X, Y) = g{AlX, Y), C{X, PY) = giA^X, PY). 

V* is a metric connection, A* is self-conjugate with respect to g and 

(7) Al^ = 0, h*{^,PY) = 0. 

As the screen distribution S{TM) is not unique, the induced geometrical 
objects depend on the choice of S{TM). Follow [2j, ^ we will present 
their dependence (or otherwise) on the choice of a screen distribution. Let 
F = N ,Wi} , i = {1, . . . , m} be a quasi-orthonormal basis of M along M, 
where {N] and {Wi] are the lightlike basis of r(RadTM|u), T{ti{TM)\u) 
and the orthonormal basis of r(S'(TM)|[/), respectively. Consider two quasi- 
orthonormal frames fields F = {i^N^ Wj} and F' = {^, A^', W^'} induced on 
[/ C M by {S{TM),iv{TM)} and {S' {T M) {T M)} , respectively for the 
same ^. The following relationships between F and F' are valid 

1 1 ^ 

(8) Wl=Y.Wl{W,-e,i,i), N' = N--lY.ei{U)^\i + Y,hW,^ 

U=i J i=i 

where {ei, . . . , Em} is the signature of the orthonormal basis {Wi\ and VF/ , U 
are smooth functions on U such that (W^/) are mxm semi-orthogonal matri- 
ces. It was proved ([2], [3]) that B is independent of the choice of S{TM), 
but both B and r depend on the choice of a section ^ G r(RadTM|u). 
Moreover, relationships between the induced objects {V ,t, A]\f, A'^,C} and 
{V,T',A'j^,,Af,C'} by the screen distributions 5(rM) and S'{TM), re- 
spectively, were given. 

2.2. Almost complex manifolds with Norden metric. Let {M,J,g) 
be a 2n-dimensional almost complex manifold with Norden metric [Ij , i.e. 
J is an almost complex structure and ^ is a metric on M such that: 

J^X = -X, g{JX,JY) = -g{X,Y), X,YGr{T'M). 

The tensor field g of type (0, 2) on M defined_by ^(A, Y) = g(JX, Y) is a 
Norden metric on M, too. Both metrics 'g and g are necessarily of signature 
(n,n). The metric ^ is said to be an associated metric of M. The Levi- 
Civita connection of g is denoted by V. The tensor field F of type (0, 3) 

on M is defined by F{X,Y, Z) = g{{VxJ)Y, Z). Let V be the Levi-Civita 
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connection of g. Then ^{X,Y) = VxY — is a tensor field of type 

(1,2) on M. Since V and V are torsion free we have ^{X,Y) = ^{Y,X). 
A classification of the almost complex manifolds with Norden metric with 
respect to the tensor F is given in ^ and eight classes are obtained. In 
[5] these classes are characterized by conditions for the tensor The two 
types of characterization conditions for the class of the Kaehler manifolds 
with Norden metric are F{X, Y, Z) = and ^{X, Y) = 0. 

2.3. Almost contact manifolds vi^ith B-metric. Let {M,ip,^,f],g) be a 
(2n + l)-dimensional almost contact manifold with B-metric, i. e. {<f,^,r]) 
is an almost contact structure [Ij and ^ is a metric [6] on M such that 

ip'^X = -id + r](g)'^, r/(0 = 1, 
g{ipX,ipY) = -g{X,Y)+v{XMy), 

where id denotes the identity transformation and X,Y & T{TM). Immedi- 
ate consequences of the above conditions are: 

7/0(^ = 0, (pC = 0, rank^j = 2n, r]{X) =g{X,C), 5(^,6 = 1- 

The 2n-dimensional distribution D : x — > C T^M at each point x G M 
defined by = Kerr/^. is called a contact distribution of M. We have the 
following decomposition of TxM which is orthogonal with respect to g 

(9) TxM = Ox±span{lx}. 

The tensor g given by g{X, Y) = g{X, ipY) + r]{X)r](Y) is a B-metric, too. 
Both metrics g and g are indefinite of signature (n + l,n). Let V be the 
Levi-Civita connection of the metric g. The tensor field F of type (0, 3) 
on M is defined by F{X, Y, Z) = g{(Vx^)Y, Z), X,Y,Z ^ T{TM). The 
following 1-forms are associated with F 

e{X)=t^F{e,,ej,X), e*{X) F{e„ipej,X), u{X) = 

where {cj,^}, i = {l,...,2n} is a basis of T„M and {g^^) is the inverse 
matrix of (ftj). A classification of the almost contact manifolds with B- 
metric with respect to the tensor F is given in [6j and eleven basic classes 
= 1,2,..., 11) are obtained. 

3. Radical transversal lightlike hypersurfaces of almost 
complex manifolds with norden metric 

First in this section we will show that there are lightlike hypersurfaces of 
an almost complex manifold with Norden metric which do not exist when 
the ambient manifold is an indefinite almost Hermitian manifold. This fact 
is a motivation for our researches in this paper. 

Let (M, g, S{TM)) be a lightlike hypersurface of (M, J,g), where M is an 
indefinite almost Hermitian manifold or an almost complex manifold with 
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Norden metric. Take ^ € T{TM-^) and according to ([I]) we can write JS, in 
the fohowing manner 



where S T{S{TM)), N £ r(tr(rM)) and a,b are smooth functions on 

M. Since J = —id, it is clear that the case = o.^ is impossible. From 
(fTOl) . by using ([2]) we obtain b = g{J(,,(,). Now, if M is an indefinite almost 
Hermitian manifold, then 6 = and from (jlOp it follows that is tangent 
to M. Thus, J{TM^) is always a distribution on M of rank 1 such that 
TM-L n 1{TM^) = {0}. _ 

Further, we assume that M is an almost complex manifold with Norden 
metric. As 'g is an anti-isometry with respect to J, the function h is not 
zero, in general. In the case 6 7^ 0, the component of with respect to N 
does not vanish. Hence, we can consider lightlike hypersurfaces of M such 
that J{TM-^) does not belong to TM. Our aim in this section is to study 
one class of such lightlike hypersurfaces of M. 

Definition 3.1. Let {M, g, S{TM)) be a lightlike hypersurface of an almost 
complex manifold with Norden metric {M, J,g). We say that M is a radical 
transversal lightlike hypersurface of M if J{TM^) = tr (TM). 

Remark 3.1. Radical transversal lightlike submanifolds of indefinite Kaehler 
manifolds were introduced by B. Sahin in p!2]. Note that the dimension r 
of the radical distribution of these submanifolds is greater than one. 

Theorem 3.1. Let (M, g, S{TM)) be a lightlike hypersurface of an almost 
complex manifold with Norden metric {M,J,'g). M is a radical transversal 
lightlike hypersurface of M iff the screen distribution S{TM) is holomorphic 
with respect to J. 



Proof. Let M be a radical transversal lightlike hypersurface of M. Then 
= bN, where the pair e r{TM-^), N G r(tr(rM))} satisfies ([2]) and 
b G T(M). Hence, for an arbitrary W G r{S{TM)) we have g(JW,0 = 
g{W, bN) = 0. Thus JW is tangent to M. Moreover, we have g(JW, N) = 



morphic. Conversely, let S{TM) be holomorphic. Taking into account 
g(JVF, ^) = and the decomposition (fTOl) . we obtain g(W,^i) = 0. Since g 
is non-degenerate on S{TM), from the last equality it follows that ^1 = 0. 
Then (jlOp becomes 



As ^(J^, J^) = 0, by using pT]) we have 2ab = 0. The function b in ([TT]) is 
not zero because TM^ n 1{TM^) = {0}. Therefore a = and 7^ = bN 
which means that M is a radical transversal lightlike hypersurface of M . □ 



(10) 



Ji = ii + < + bN, 




r{S{TM)), i.e. S{TM) is holo- 



(11) 



= + bN. 
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In ([2], p. 194) it was proved that a lightlike hypersurface of an indefinite 
Hermitian manifold is a CR-manifold. In order to prove our next result, 
analogously as in [2], we will use the following 

Theorem 3.2. ([2j, p. 193) A smooth manifold L is a CR-manifold if 
and only if, it is endowed with an almost complex distribution {D,J) (i.e. 
J{D) = D) such that 

(12) [JX, JY] - [X, Y]€D 
and 

(13) Nj{X,Y) = 0, 
for all X,Y £ D. 

Theorem 3.3. A radical transversal lightlike hypersurface {M, g, S{TM)) 
of a complex manifold with Norden metric (M, J,g) is a CR-manifold. 

Proof. From Theorem 13.11 it follows that S{TM) is an almost complex dis- 
tribution on M with an almost complex structure J which is the restriction 
of J on S{TM). Further, we will show that S{TM) satisfies the conditions 
([12]) and (fTS]) . Denote by Nj and Nj the Nijenhuis tensors of J and J, 
respectively. As M is a complex manifold, = on M, i.e. 

Nj{X,Y) = [JX,1Y] - [X,Y\-l[[X,lY] + \JX,Y]) = 0, 

VX, Y G T{TM). Then for any X,Y £ T{S(TM)) we have 

Nj{X,Y) = [JX,.JY] ~ [X,Y] - J{P{[X,.JY] + [JX,Y])) 

^ ^ -j(Q([x,jy] + [jx,y])) = o, 

where P and Q are the projection morphisms of TM on S{TM) and TM^, 
respectively. Because of the second fundamental form h is symmetric on 
TM, from the Gauss formula we obtain [X, Y] £ T{TM) for any X,Y £ 
r{TM). This fact and J{S{TM)) = S{TM) imply that for any X,Y £ 
T{S{TM)), the vector field Z = [JX, JY] - [X, Y]-J{P{[X, .JY] + [JX, Y])) 
is tangent to M. Since M is a radical transversal lightlike hypersurface of 
M, we have that the vector field V = 'J{Q{[X,JY] + [JX,Y])) belongs 
to r(tr(rAf)). From the equality (I14p it follows that the components Z 
and V of Nj with respect to TM and tr (TM), respectively, are both zero. 
The vanishing of V shows that Q{[X, JY] + [JX, y]) = and therefore 
[X, JY] + [JX, Y] = P{[X, JY] + [JX, Y]). Hence, Z becomes 

(15) Z = [JX, JY] - [X, Y] - J{[X, .JY] + [JX, y]) = 0, 

for any X,Y £ T{S{TM)). The condition (1131) is valid because the expres- 
sion for Z from ()15p is exactly Nj on S(TM). Moreover, by using of (llSp 
we obtain [JX,JY] - [X,Y] = J{[X,JY] + [JX,Y]), i.e. the condition 
(fT2]) is true for any X,Y £ T{S{TM)). Then our assertion follows from 
Theorem [321 □ 
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4. The induced geometrical objects on a radical transversal 

LIGHTLIKE HYPERSURFACE OF A KAEHLER MANIFOLD WITH NORDEN 

METRIC 

It is known that the induced geometrical objects on a Hghthke hypersur- 
face M are well-defined if M admits a unique or canonical screen distribu- 
tion. Now we will investigate this important problem for the introduced 
lightlike hypersurfaces in the previous section. We state 

Theorem 4.1. A radical transversal lightlike hypersurface {M, g, S{TM)) 
of a 2n- dimensional almost complex manifold with Norden metric (M, J,'g) 
has a unique screen distribution up to a semi- orthogonal transformation and 
a unique lightlike transversal vector bundle. 

Proof. Let S{TM) and S'{TM) be two screen distributions on M, tr(TM) 
and tr' (TM) their lightlike transversal vector bundles, respectively. Take 
the quasi-orthonormal frames fields F = {^,N,Wi} and F' = {£^,N\W[} 
induced on [/ C M by {S{TM),ii{TM)} and {S'{TM),ii'{TM)}, re- 
spectively. According to Theorem 13.11 S{TM) and S'(TM) are holomor- 

phic. By using this fact and N = — we compute g{Wl,N) = for any 
i E {1, . . . , 2n — 2}. Thus, after multiplication by N both sides of the first 

2n-2 

equality in §i) we get Yl ^i^jh = G {1, . . . , 2n - 2}), where (VF/) 

is an matrix of S{TxM) at any point x of M, belonging to 0{n — l,n — 1). 
The determinant of the last homogeneous linear system does not vanish at 
any x G M and hence it has the unique solution fj =0, j E {1, . . . , 2n — 2}. 

2n-2 

Then ([HD become = Yl W^Wj (i G {1, . . . , 2n - 2}), N' = N, which 
proves our assertion. □ 

Let (M, g) be a radical transversal lightlike hypersurface of a Kaehler 
manifold with Norden metric (M, J,g). According to Definition 13 . 1 1 we have 
= bN. By using ([3]) and the second equality in ([5]), for any X £ T{TM) 
we compute 

(16) ( VxJ) N = ^AIX + JiANX) + i (^2r (X) + ^ (X o 6)^ ^. 

As M is a Kaehler manifold with Norden metric, the left side of ()16p vanishes. 
From AnX e r{S{TM)) and Theorem O we have J{AnX) G r{S{TM)). 
Then (jl6p implies 

(17) AlX = -bJ{ANX), 



(18) 



TiX) = -^{Xob). 
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An arbitrary Y £ T{TM) can be decomposed in the following manner 

Y = PY + QY = PY + 7]{Y)(„ 
where r/ is a 1-form on M and r](Y) = g{Y, N). Hence for JY we have 

(19) JY = J{PY) + T]{Y)bN. 
By using ([3]), (P, ([IHD and ([H]) we obtain 

(VxJ) Y = V\J{PY) - hr,{Y)ANX -1 {P {V xY)) 

(20) +{c{X,-J{PY)) + \B{X,Y)^i 

+ {b{XJ{PY)) + ^r?(y)(X o h) + 6(Vxr/)y) A^. 

Since (Vx J) 1" = 0, the parts belonging to S{TM), TM^ and tr(rM) of 
the right side of ()20p vanish and we have 

(21) J(Py) = hr]{Y)ANX + J{P (VxY)) , 

(22) C{X,J{PY)) = -^B{X,Y), 

(23) B{X,J{PY)) = -^r,{Y){X o b) - b{Vxv)Y. 

Substituting J(Py) for Y in i^, and taking into account that P(J(Py)) 
J{PY), ri(j{PY)) = and ^ we find 

(24) V*xPY = -J{P{VxJ{PY))), 

(25) CiX,PY) = -YhViY)iX o b) - iVxv)Y. 
Having in mind (p5]) . (fTT]) and ([18]), the formulas ([5]) become 

VxPY = -J{PiVxJiPY))) - (^MY)iX o b) + (Vx7?)l^V' 

(26) \2b ) 

Vx^ = bJ{AMX) + -{Xob)^. 



From ()24p by direct calculations we obtain 
(27) {V*xJ)PY = 

for any X,Y £ T{TM). 

Theorem 4.2. Let (M, g, S(TM)) be a radical transversal lightlike hyper- 
surface of a Kaehler manifold with Norden metric {M,J,'g). The shape 
operator An is self- conjugate with respect to g iff An commutes with the 
action of the almost complex structure J on S{TM). 
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Proof. As A* is self-conjugate with respect to g, by using (fTTl) we have 

(28) g(J{ANX),Y) = g{X,J{ANY)) 

for any X,Y £ T{TM). Let be self-conjugate with respect to g on 
S{TM). Then for any X,Y £ T{S{TM)) we obtain 

g(j{ANX),Y) = g{AMX,lY) = g{X,ANJY). 

The last equality and ([281) imply g{X,AN7Y) = g{X,l{ANY)). As g is 
non-degenerate on S{TM) it follows that Aj\f o J = Jo Aj\[. Conversely, if 
An o J = J o An on S{TM), by using (i28l) we compute 

(29) g{ANJX,Y)=g{X,J{ANY)), X,Y G r{S{TM)). 

Replacing X from ([29]) by we obtain g{ANX,Y) = g{X,ANY), i.e. Aat 
is self-conjugate with respect to g. □ 

Further, using well known results for lightlike hypersurfaces from [2], [3] 
and the ones obtained in this section, we will give some geometrical charac- 
terizations of the considered hypersurfaces. 

An immediate consequence from ([2J, Theorem 2.3, p. 89) and Theo- 
rem H2] is the following 

Corollary 4.3. Let (M, g, S{TM)) be a radical transversal lightlike hyper- 
surface of a Kaehler manifold with Norden metric {M, J,g). Then the fol- 
lowing assertions are equivalent: 

(i) S{TM) is an integrahle distribution. 

(ii) h*{X,Y) = h*_(X,X), yX,Y £ r{S{TM)). 

(iii) Av o (JX) = Jo {AyX), VX e r{S{TM)), VF G r(tr(rM)). 

The Ricci tensor of the lightlike hypersurface {M,g, S{TM)) was defined 
in ([2], p. 95) by Ric{X,Y) = trace{Z — > R{X , Z)Y] X ,Y £ T{TM), 
where R is the curvature tensor of V. In general, Ricci tensor of M is not 
symmetric because the induced connection V is not a metric connection. 
According to ([2j, Theorem 3.2, p. 99) a necessary and sufficient condition 
the Ricci tensor of the induced connection V to be symmetric is each 1-form 
r induced by S(TM) to be closed, i.e. dr = on M. Now, taking into 
account (fTH]) we state 

Proposition 4.4. Tne Ricci tensor of the induced connection V on a radical 
transversal lightlike hypersurface {M, g, S{TM)) of a Kaehler manifold with 
Norden metric {M,J,g) is symmetric. 

Theorem 4.5. Let {M,g,S{TM)) be a radical transversal lightlike hyper- 
surface of a Kaehler manifold with Norden metric (M, J,g). Then the fol- 
lowing assertions are equivalent: 

(i) M is totally geodesic. 

(ii) S{TM) is totally geodesic. 

(iii) {Vxv)Y = viYMX) = -^v{Y){X o b), yX, Y e T{TM). 
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Proof. According to {[2], Theorem 2.2, p. 88) we have that M is totally 
geodesic if and only if h vanishes identically on M. From h{X, Y) = 
B{X,Y)N, X,Y e r{TM) it follows that (i) is equivalent to B{X,Y) = 0. 
The screen distribution S{TM) is totally geodesic ([2], p. 110) if and only 
if C{X,PY) = 0, VX,y G r{TM). Then the equivalence of (i) and (ii) 
we obtain from (I22p . The equality (I25p implies the equivalence of (ii) and 
(iii). □ 

Theorem 4.6. Let {M,g,S{TM)) be a radical transversal lightlike hyper- 
surface of a Kaehler manifold with Norden metric (M, J ,'g). Then 

(i) M is totally umbilical iff An{PX) = ^J(PX), G T{TM) and 
peT{M). 

(ii) S{TM) is totally umbilical iff A^iPX) = -bkJ{PX), VX G T{TM) 
and k G T{M). 

Proof. As A*^£_ = A^y^ = 0, the equality p!7|) is equivalent to 

(30) Al{PX) = -bJ{AN{PX)), \/X G r{TM). 

According to ([2j, p. 107, p. 110), M and S{TM) are totally umbilical if 
and only if, on each U oi M there exists a smooth functions p and k such 
that 

(31) Al{PX) = pPX 
and 

(32) AnX = kPX, 

for any X G T{TM), respectively. By using §0^, ([31]) and ([30]), (l32]l we 
establish the truth of the assertions (i) and (ii), respectively. □ 

5. hypersurfaces of an almost complex manifold with norden 
metric which are non-degenerate with respect to the one 
Norden metric and lightlike with respect to the other one 

Let {M , J ,'g,g) be a 2n-dimensional almost complex manifold with Nor- 
den metric and M be a (2n — l)-dimensional hypersurface of M. An essential 
difference between an indefinite almost Hermitian manifold and an almost 
complex manifold with Norden metric is that there exist two Norden metrics 
'g and g on the manifold of the second type. Hence, we can consider two 
induced metrics g and g on M hyg and g, respectively. In HOJ we have stud- 
ied submanifolds of an almost complex manifold with Norden metric which 
are non-degenerate with respect to the one Norden metric and lightlike with 
respect to the other one. Our aim in this section is to show how the hyper- 
surfaces {M,g) and (M,^) of M are related. We note that TM = [j T^M 

is the tangent bundle of both (M, g) and (M, g). We will denote: the normal 
bundle of {M,g) and {M,g) by TM-^ and TM^, respectively; an orthogonal 
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direct sum with respect to 'g (resp. g) by _L (resp. _L) and a non-orthogonal 
direct sum by © (resp. ©). 

We consider a non-degenerate hypersurface {M,g) of M defined by the 
following conditions 

(33) g{N,N) = e, e = ±l; g{N,7N) = 0, 

where is the normal vector field to M. In the case when is a time- 
like unit to M (e = —1), the hypersurface {M,g) was called in (|6j, (8]) an 
isotropic hypersurface regarding the associated metric g of M. 

Theorem 5.1. Let (M, J,g,g) be an almost complex manifold with Norden 
metric and M he a hypersurface of M . {M,g) is a non- degenerate hypersur- 
face defined by ^33\) iff (M, g) is a radical transversal lightlike hypersurface. 

Proof. Let (M, g) be a non-degenerate hypersurface of M with normal vector 
field W satisfying ([MD- From g{77,7N) = it follows 7N E r{TM), i.e. 7 
transforms the normal bundle TM-^ of {M,g) in TM and {JN} is a basis 
of 1{TM^). Take X £ T{TM) and V = \JN G VQiTM^)), A e T{M) 
we compute g(X, V) = Xg{JX, JN) = —Xg{X, N) = 0. The last equality 
implies V belongs to the normal bundle TM^ of {M,g) and consequently 
J(TM^) C TM^. Now, if U £ r{TM^)_ we have giX,U) = for any 
X G r{TM), which is equivalent Jo g{X,JU) = 0, VX € T{TM). Herice, 
JU G r(rM-L) which imphes TM-^ C 1{TM^). So, we obtain that TM^ = 
1{TM^). As J(rM) is an 1-dimensional subbundle of TM it follows TMn 

TM^ = TM^ = RadTM, i.e. (M, g) is a hghthke hypersurface of M. 
Because of 1{TM^) is a non-degenerate subbundle of TM with respect to 
Ij, we put TAf = J(TM"'")_LL), where -D is the complementary orthogonal 
with respect to g vector subbundle of 1{TM^) in TM. Take X G r(L>) 
we compute g(jX,N) = g{X,7N) = which means that JX G r(rM). 
Moreover, g{JX, JN) = and consequently JX £ r(Z)). So, we establish 
that Z) is holomorphic by the action of J. Then from ([lO], Lemma 3.1) it 
follows that both metrics g and g are non-degenerate on D. We also have 
g(X, JiV) = g{JX,7N) = for any X G r(D) which means dItM^. 
Thus, we conclude the vector bundle D is a screen distribution of {M,g). 
As D is holomorphic from Theorem 13.11 it follows that (M, g) is a radical 
transversal lightlike hypersurface of M and tr (TM) = TM-^. We note that 
for any ^ G V{TM^) and N G r(tr (TM)) we have ^ = \ JN and A^ = /xiV, 
where X, /j, £ J-{M). The pair {^,A^} on {M,g) satisfies the conditions 
|(^, ^) = ^(AT, AT) = ^(VF, A^) =0,yW £ r{S{TM)). In the case N is space- 
like (resp. time-like), the condition g{S^, N) = 1 is fulfilled by A/i = —1 (resp. 
Xfi = 1). Conversely, let {M,g, S(TM)) be a radical transversal lightlike 
hypersurface of M. Hence, we have J{TM^) = tr (TM) and according to 
Theorem [3l]J5(rM) = S{TM). For any X £ T{S{TM)), C G r(rM^) 
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and N G r(tr (TM)) we get 

g{X, N) = -J(JX, N) = 0, N) = -^(7^, N) = 0, 

g{X,0 = -9{X, Je) = 0. 

The above three equahties imply the vector bundles S{TM), TM^ and 
tr(TM) are mutually orthogonal with respect to Then the following 
decomposition of TM is valid 

(34) TM = S(TM)±TM-^±tr{TM) = TM±tr{TM). 

From (|34|) it follows that the normal bundle TM^ of the hypersurface (M, g) 
coincides with the transversal vector bundle tr (TM) of (M, g) and both TM 
and TM-^ are non-degenerate with respect to g which means that (M, g) is 
a non-degenerate hypersurface of M. Now, let A''} be a pair of sections 
on {M,g) satisfying the conditions ([2]) and = bN, b G J-{M). In the 
case 6 > (resp. 6 < 0) the vector field iV = ±y/bN (resp. iV = ±y/^N) 
is a space-like (resp. time-like) normal unit to {M,g) and ^(A/^, JN) = in 
both cases, which completes the proof. □ 

An isotropic hypersurface (M, g) regarding the associated metric g of an 
almost complex manifold with Norden metric {M , J ,'g,g), equipped with 
the almost contact i?-metric structure 

(35) ip:=J + g{.,JN)N, ^ := - JF, r] := -g{.,JN), g ■.= g\M 

was called in [8J a hypersurface of second type of M. In [8j it was proved 
that every hypersurface of second type (M, g) of a Kaehler manifold with 
Norden metric M is an almost contact manifold with i?-metric belonging 
to the class ^"4 ® J^s ® © -^8 • Some classes of these hypersurfaces were 
characterized by the shape operator A. Below we recall the characterization 
conditions of the following classes 

J-o:^ = 0; j:^:A=-P^^\ e{l)=tiA- 

_ In — I 

(36) : ^ = ^*(^)=tr(A,^). 

In — I 

J4 © -7^5 © -7^6 : ^1 = 0, AoLp = ^o A. 

From now on in this section (M , J ,'g,g) will stand for a 2n-dimensional 
Kaehler manifold with Norden metric, {M,ip,^,r],g) and (M, ^r) - a hy- 
persurface of second type of M and its corresponding radical transversal 
lightlike hypersurface from Theorem 15.11 respectively. Follow the proof of 
Theorem 15.11 and taking into account the definitions of ^ and ry given in 
(|35D we have tr (TM) = TM-^ = span{TV}, TM^ = J{TM^ ) = span{^} 
and the contact distribution D of (M, ^, 77, 3) coincides with the unique 
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(according to Theorem I4.2p screen distribution S{TM) of {M,g). By us- 
ing ([9]) and ([1]) we conclude that the tangent bundles TM and TM can be 
decomposed in direct sums as follows 

(37) TM = 0±span{l}, TM = Blspan{l} 
and 

(38) TM = B±span{^}±span{N}, TM = bI {span{^}(Bspan{N}) . 

We note that any X € T{TM) can be written as X = PX + rj{X)^^ where 
PX G D. Hence, (pX = ip{PX). On the other hand, by using ([35]) we 
compute <p{PX) = J{PX), i.e. we have 

(39) ^X = (p{PX) = J{PX), yX £ T(TM). 

Further, we will find relations between the induced geometrical objects on 
the hypersurfaces {M,ip,^,r], g) and {M,g) of M. Let V, V be the Levi- 
Civita connections of the metrics g, g on M, respectively, and V, V be the 
induced linear connections on (M, 93, ^, ?/, (/), {M,g), respectively. According 
to [5], the formulas of Gauss and Weingarten for {M,{p,^,r],g) are 

(An) Y.xY_ =VxY- giAj^X, Y)N, 

^ ' VxN = -Aj^X, vx,y G r{TM), 

where the shape operator Aj^ satisfies 

(41) viAjrX) = ^ %e = 0. 

As we have shown in the proof of Theorem 15.11 the pair of sections {.^, A^} 
on (M, g) defined by 

(42) ^ = ij]v = -ie, N = XN, \ £ T(M) 

A A 



satisfies the conditions (|2]) . By using (p2|) the formulas of Gauss and Wein- 
garten ([3]) for {M,g) become 

VxY = VxY + XB{X,Y)N, 
^^^^ VxN = -At^X+(^t{X)-^{XoX)^N, yX,YeT{TM), 

where A is the shape operator of {M,g). Taking into account that on M 

the Levi-Civita connections V and V coincide, the formulas (I40p . ()43p and 
the decompositions (f38]) we get 

1 

A^ 



VxY = VxY; B{X,Y) = --g{Aj^X,Yy, 

(44) ^ .1 



%X = yl^X; r(A) = -(AoA). 

The equality (j4ip implies Ajj-X G B and having in mind (j39p we have 
(45) ^{Aj^X) = J(%A), V A G r{TM). 
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From (dZI, (I25|) by using 1^, (01]) and (gS]) we obtain 

(46) = -^(Aj^X); C{X, PY) = Xg{ip{Aj^X),Y). 

We close this section by some geometrical characterizations of both (M, g) 
and {M,(p,(^,r], g). It is well known |9j, if an almost contact manifold with 
S-metric belongs to the class Ti Q) . . . (B J^a ® ® Tq ® Tg (B J^io ® J^u, 
then the contact distribution D of the manifold is an integrable distribution. 
Hence, if we suppose that the hypersurface {M,ip,(^,r], g) of M belongs to 
the class J-4 ® J-5 ® J-61 then its contact distribution B is integrable As D 
is the screen distribution S{TM) of the corresponding hypersurface {M,g) 
to {M,(p,(^,r],g), we have that S{TM) is integrable, too. We will show that 
the converse statement is also true. Let {M,ip,£^,r],g) be a hypersurface of 
M such that its contact distribution ID is integrable, which is equivalent to 
the assumption the screen distribution S(TM) of (M, g) is integrable. Then 
Corollary implies Av(J{PX)) = J{AvPX)Jor any X G T{TM). From 
the last equality, by using (f39]l . (jlTI) . (j45]) and Ay = Ay on TM, we obtain 

(47) Avi^X) = ifiAyX), VXGr(TM). 

Taking into account dHJ, (jl7|) and (j36|) we conclude that {M,{p,S^,r], g) be- 
longs to the class J-4 ® J-5 ® J-e. So, we establish the truth of the following 

Proposition 5.2. The assertion {M,(p,(^,r],g) belongs to the class J-4 ® 
J^5 ® J^e is equivalent to each of the following assertions: 

(i) The contact distribution B of {M,ip,^,r],g) is integrable. 

(ii) The screen distribution S{TM) of {M,g) is integrable. 

Now, we prove 

Proposition 5.3. The following assertions are equivalent: 

(i) {M,(p,^,f], g) is totally geodesic. 

(ii) {M,g) is totally geodesic. 

(iii) {M,Lp,S^,r],g) belongs to the class Fq. 

Proof. As {M,(f,^,rj,g) is a non-degenerate hypersurface of M, it is totally 
geodesic if and only if the shape operator A vanishes identically. The hy- 
persurface {M,g) is lightlike and it is totally geodesic ([2], [3]) if and only if 
B{X,Y) = for any X,Y £ T{TM), which according to (j44p is equivalent 
to g{A-j^X, y) = on TM. Having in mind that g is non-degenerate on M, 
the last equality is fulfilled if and only if A = 0. Finally, from (|36p we have 
that the characterization condition of the class J-q is A = 0. Thus, each of 
the assertions (i), (ii) and (iii) is equivalent to the condition A = 0, which 
completes the proof. □ 

Proposition 5.4. {M,g) is totally umbilical iff {M,ip,S^,r], g) belongs to the 
class . 
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Proof. Let iM,g) be totally umbilical. By using (f3T]l . (fi2ll . (HH]) and (liTj) 
we obtain Aj^X = —XpipX for any X G T{TM). From the last equality we 

find Xp = — ^ — — — — and hence 
2n — 2 



,4B) . 



According to ([36]) from (|18]) it follows {M,ip,(,,r], g) £ F^. Conversely, if 
(M, 99, ^, r/, 5) G -F5, then the equality (|i8]) is valid. By using (|i6]) and (fi2|) we 

obtain A*^PX = \^^ PX, which implies (M , g) is totally umbilical. □ 

Analogously we establish the truth of the following 

Proposition 5.5. The screen distribution S{TM) of {M,g) is totally um- 
bilical iff {M,ip,S,,r], g) belongs to the class 

6. Examples of radical transversal lightlike hypersurfaces of 
almost complex manifolds with norden metric 

Example 1. We consider M.'^'"''^'^ = {{u^, ■ ■ ■ ,n"+^;u^, . . . \u\v'' G M} 

as a complex Riemannian manifold with the canonical complex structure J. 
In ^ a metric g on (M^"+^, J) was defined by 

d ■ d 

where X = A* 7—^ + p^-—^. It is easy to check that the canonical complex 

structure J is an anti-isometry with respect to g and hence {M?'"'^'^ , J ,g) is 
a complex manifold with Norden metric. As usually, the associated metric 
to g is denoted by g. Identifying the point p = (u^, . . . , n"^^; v^, . . . , u""*'^) 
in M^"+^ with its position vector Z, in [6j the following real hypersurface M 
defined 

M : g{Z,JZ) = 0; g{Z, Z) = ch^t, t > 0. 

It is clear that JZ is orthogonal to TM with respect to g, i. e. JZ G TM-*-. 
For the vector field N = {l/cht)JZ we have g{N,N) = —1, i. e. N is a 
time-like unit normal to {M,g). Since g{N, JN) = 0, the vector field JN is a 
space-like unit, which belongs to TM. Hence, {M,g) is a non- degenerate hy- 
persurface o/R^""*"^ satisfying the conditions 113 3\) . Then from Theorem \5.1\ 
it follows that {M, g) is a radical transversal lightlike hypersurface of M?^^'^ 

such that TM-^ = span{JN}, tr(TM) = span{N} and the screen distribu- 
tion S{TM) coincides with the complementary orthogonal with respect to Ij 
vector subbundle of J{TM^) in TM . Taking into account that (M^"+^, J,g) 
is a complex manifold with Norden metric, from Theorem \3.3\ we have that 
{M,g) is a CR-manifold. 

Moreover, in [6] were defined an almost contact structure and 
B-metric g on M by f35j] and it was proved that {M,if,^,r],g) is an almost 
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contact manifold with B-mctric in the class J-5. According to Proposition ?? 
it follows that (M, g) is totally umbilical. 

Example 2. We consider the Lie group GL(2; M) with a Lie algebra gl{2; M). 
The real Lie algebra gl{2;M) is spanned by the left invariant vector fields 
{Xi, X2, X3, X^} , where we set 

We define an almost complex structure J and a left invariant metric If on 
5^(2; M) by 

(49) lXi = Xi, 1X2 = X3, JX3 = -X2, JX^ = -Xi 



and 
(50) 



giXi,Xi) = -g{Xj,Xj) = -l; i = l,3; j = 2,4; 
g{Xi,Xj) = 0; i^j; i,j = 1,2,3,4. 

Using (^Pj) and /i50\) we check that the metric g is a Norden metric and 
consequently {GL{2;M), J ,'g,g) is a 4^- dimensional almost complex manifold 
with Norden metric. 

The real special linear group SL{2;M) = {A £ GL{2;M) : det{A) = 1} is a 
Lie subgroup ofGL{2; R) with a Lie algebra sl{2; M) of all (2 x 2) real traceless 
matrices. The Lie algebra sl{2;M) is a 3-dimensional subalgebra of gl{2;M), 
spanned by {X1—X4, X2, X3}. Thus SL{2] M) is a hypersurface of GL{2; M). 
We find that the normal space (with respect to g) s/(2;R)-'- is spanned by 
{X1-X4}. Hence sl{2;R)r\sl{2;R)^ = sl{2;R)^ = span{^ = X1-X4}, i.e. 
{SL{2;R), g) is a lightlike hypersurface of GL{2;R). We choose a holomor- 
phic with respect to J screen distribution S{sl{2;R)), spanned by {X2,X3}. 
From Theorem \3.1\ it follows that {SL(2;M), g) is a radical transversal light- 

like hypersurface and tr(sZ(2;]R)) is spanned by \N = ^ 

References 

[1] D. Blair, Contact manifolds m Rtemannian geometry, Lecture Notes in Math., 

vol. 509, Springer Verlag, Berlin, 1976. 
[2] K. Duggal and A. Bejancu, LightUke Submanifolds of Semt-Riemanman Manifolds 

and Applications, Kluwer Academic, 364, 1996. 
[3] K. Duggal and B. Sahin, Differential Geometry of LightUke Submanifolds, Birkhauser 

Verlag AG, 2010. 

[4] G. Ganchev and A. Borisov, Note on almost complex manifolds with Norden metric, 
Compt. Rend. Acad. Bulg. Sci., vol. 39, (1986), no. 5, 31-34. 

[5] G. Ganchev, K. Gribachev and V. Mihova, B-connections and their conformal in- 
variants on conformally Kaehler manifolds with B-metric, Publications De L'Institut 
Mathematique, Nouvelle serie, tome 42 (56), (1987), 107-121 . 

[6] G. Ganchev, V. Mihova and K. Gribachev, Almost contact manifolds with B-metric, 
Math. Balkanica, vol.7, (1993), 262-276. 

[7] K. I. Gribachev, D. G. Mekerov, G. D. Djelepov, Generalized B-manifolds, Compt. 
Rend. Acad. Bulg. Sci., vol. 38, (1985), no. 3, 299-302. 



18 



GALIA NAKOVA 



[8] M. Manev, Almost contact B-metric hypersurfaces of Kaehlenan manifolds with B- 
metric, In: Perspectives of Complex analysis, Differential Geometry and Mathemat- 
ical Physics, eds. St. Dimiev and K. Sekigawa, World Sci. Publ., Singapore, (2001), 
159-170. 

[9] M. Manev, On the conformal geometry of almost contact manifolds with B-metric (in 

Bulgarian), PhD Thesis, Plovdiv University, (1998) 
[10] G. Nakova, Some lightlike submamfolds of almost complex manifolds with Norden 

metric, Journal of Geometry, 103, (2012), 293-312. 
[11] A. P. Norden, On a class of four- dimensional A-spaces (in Russian), Izv. Vyssh. 

Uchcbn. Zavcd. Mat., 17, (1960), no. 4, 145-157. 
[12] B. Sahin, Transversal lightlike submanifolds of indefinite Kaehler manifolds, Analele 

Universitatii de Vest, Timisoara, Seria Matematica - Informatica, XLIV, 1, (2006), 

119-145. 

Department of Algebra and Geometry, Faculty of Mathematics and Infor- 
matics, University of Veliko Tarnovo "St. Cyril and St. Metodius", 2 T. 
Tarnovski str, Veliko Tarnovo 5003, Bulgaria 

E-mail address: gncikovaOgniail . com 



